The Mathematics of the Stewart Platform

The Stewart Platform consists of 2 rigid frames connected by 6 variable length legs.
The Base is considered to be the reference frame work, with orthogonal axes x, y, z.
The Platform has its own orthogonal coordinates x’, y’, .

The Platform has 6 degrees of freedom with respect to the Base

The origin of the Platform coordinates can be defined by 3 translational displacements with
respect to the Base, one for each axis.

Three angular displacements then define the orientation of the platform with respect to the
Base. A set of Euler angles are used in the following sequence:

1. Rotate an angle Y (yaw) around the z-axis
2. Rotate an angle 0 (pitch) around the y-axis
3. Rotate an angle @ (roll) around the x-axis

If we consider the first rotation { (yaw) around the z-axis:
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We define the rotation matrix R,({)) where
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l)’l= R.(V) [)"] and R (¥) = <Sin Y cosy 0)
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Similarly If we consider the second rotation 8 (pitch) around the y-axis we can show
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And for the third rotation ¢ (roll) around the x-axis:
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The full rotation matrix of the Platform relative to the Base is then given by:
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Now consider a Stewart Platform.

For the it leg:

Platform

The coordinates q; of the anchor point P; with respect to the Base reference framework are
given by the equation

q; =T + "Rp .p; - (2)



Where T is the translation vector, giving the positional linear displacement of the origin of the
Platform frame with respect to the Base reference framework, and p; is the vector defining the
coordinates of the anchor point P; with respect to the Platform framework.

Similarly the length of the i*" leg is given by
=T+ "Rg .p; - b; -(3)

where bj is the vector
defining the coordinates of the lower anchor point B;. These 6 equations give the lengths
of the 6 legs to achieve the desired position and attitude of the platform.

When considering the Forward Kinematics, this expression represents 18 simultaneous non-
linear equations in the 6 unknowns representing the position and attitude of the platform.
Much work has been done on finding the solutions to these equations; in the general case
there are 40 possible solutions, although in practice many of these solutions would not be
practical.

If the leg lengths are achieved via rotational servos, rather than linear servos, a further
calculation is required to determine the angle of rotation of the servo. Each servo / leg
combination can be represented as follows:

Axis of servo motor

in x-y plane



Where: a = length of the servo operating arm
Ai are the points of the arm/leg joint on the i*" servo with coordinates
A =[Xa Ya Zq]7 inthe base framework.
B; are the points of rotation of the servo arms with the coordinates
b=[xy ¥» 2p]" inthe base framework.

Pl- are the points the joints between the operating rods and the platform,

with coordinates P=[* Y» Zp]"inthe platform framework
S = length of operating leg
I; = length of the it" leg as calculated from I; = T + PRp . p; - b;

a = angle of servo operating arm from horizontal

B = angle of servo arm plane relative to the x-axis. Note that the shaft axis lies
in the x-y plane wherez=0
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Point A is constrained to be on the servo arm, but the arrangement of the servos means

that the odd and even arms are a reflection of each other. So for the even legs we have:
Xq=acosa cosf + x; ,and - (4)

yg=acosa sinf + y, ,and - (5)



Zg=asina + z, - (6)
And for the odd legs we have:

xq=acos(mt—a) cos(t+p)+ x; ,and

y.=acos(m — a) sin(m+ B) +y, , and

z,=asin(r — a) + z,
But sin(r — a) =sin «, and cos(m — @) = — cos
And sin(r + B) = —sin B, and cos(w + ) = —cos

Substituting these values into the equations for the odd legs, we get the same equations as
(4), (5), and (6) for the even legs.

By Pythagoras we also have:
a? =(xqg — %)+ o — ¥p)* + (2a — 2p)?

=(xq + Yo + z2) + (5 + yi + 25) - 2(%aXp + YaYb + ZaZp) -(7)
? = (x, - xb)z +(w - yb)2+(zp - Zb)z

= (3 + yi+ z5)+ (g + yi+ z0) - 2(xpxp + Ypyp + Zp2p) -(8)
s? = (xp — xa)z +(p — ya)z +(z, - Za)z

= (xf, + ¥y + zf,) + (2 + Y2+ z2) - 2(xpxa + YpVa + Zpzg)
And substituting from equations (7) & (8)

s2 =12-(xE+ yp + zB) +2(xpxp + YpYp + 2zpzp) +a%- (xE+ yi+ z) +
2(xaxb + YaYb + ZaZb) - z(xpxa + ypya + sza)
re-arranging gives
1? - (52 - aZ) =2 (xl% + yl% + Zl%) + Zxa(xp - xb) + zya(yp - yb) + 2Za(zp - Zb)_
2 (xpxp + Ypyp + Zp2p)
And substituting for x, , y,, z, from equations (4), (5) & (6) then gives
12— (s?—a®) =2(x}+ y2 + z2)+2(a cosacosf + x) (x, — xp) +

2(a cosasinf + y,) (¥, — ¥p) +2(a sina + z,) (z, — zp) -
2(xpxb + YpVp + zpzb)



=2(xZ+ y2+ z8)+2a cosacosf (x, — xp) +2x,x, - 2x% +
2acosasinf (y, — ¥p) + 2y,yp - 2y% +2asina (z, — zp) + 22,2, -

22% - (xpxp + Yoy + Zp2p)
Which reduces to
1> — (s*— a?) =2asina(z, — z,) +2a cosacos B (x, — x,) +2acosasinp (y, — vp)
=2asina (zp — zb) + 2acosa [cosﬁ (xp — xb) + sinﬁ(yp — yb)]
Which is an equation of the form:-
L=M sina + N cosa
Using the Trig identity for the sum of sine waves

asinx + b cosx = csin(x + v)

b
where ¢ =+Va? + b2 and tanv = -

We therefore have another sine function of a with a phase shift 6

L=vM?2 + N?sin(a + &) where &= tan‘lg
. L
Therefore sin(a + 6) = N
And a=sin"! \/ﬁ - tan‘lﬁ -(9)

where L=1[?— (s%— a?)
M = Za(zp - zb)

N = 2a[cos B (x, — xp) + sin (¥, — ¥p)]

We now have sufficient information to calculate the lengths of the effective “legs”, and the
associated angle of the servo arms, for the reverse kinematics for the platform. But to design
and implement the hexapod platform we need to define a few constants in order to define the
range of movement.

1) We need to define the “home” position of the platform. By definition this will be where
the platform is at a height h, above the base framework, and there being no other
translational or rotational movement.

i.e. qi =T + PRB - Di



0 1 0 0 Xp
qO =|0|+ [0 1 O0f. yp]
ho 0 0 1 Zp
Xp
= yp
ho + z,

Similarly we will define the “home” position where the servo arms and rods are at right
angles to each other.

ie. I? = s?+ a?

= (xp - xb)z + (3’19 - 3’b)2 + (hO + 2z, — 0)2

Giving hy = Jsz + a? — (xp - xb)2 — (yp — yb)z -z, - (10)

and since the platform is constructed symmetrically around the z-axis, this equation will
give the same result for any leg.

2) We can also calculate the angle «, of the servo arm at the Home position.
Using the equation I,-T+ PRg .p; - b;

And remembering the symmetrical construction of the platform. The length of the legs
in the “home” position is given by

X
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ly= Yp - [Ybl
ho + z, 0
) 2 2 2
l; = (xp — xb) + (yp — yb) + (ho + zp) -(11)

And the angle of the servo arm in the “home” position can be given by equation (9).
Since we have symmetry, we can look at leg 2 only, where B = 0°.

_tan~1Xo - (12)

Lo
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where Ly=12— (s? — a?)

Qg = Sin_l

= s2+4+a?— (s>— a®) =2a?
M, = Za[cos,B (xp - xb) + sin ﬁ(yp - yb)]
= 2a(xp - xb)

N0= Za(ho + Zp)



The servos are mounted so that their mid point is close to the “home” position, and we
will restrict their movement to + 45°. The servos are controlled by a pulse whose
duration defines the angle of the arm.

«—>
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Repetition every 20 msecs

The servos used have the specification:
Neutral position (“home”) is nominally 1500usecs
Rotation clockwise for increasing pulse width

Pulse width change for 45° is 400 psecs giving a servo rate,

400 360 1600 .
=—.,— = — psecs/ radian
45 21 T

From the above, the pulse widths W; for each of the servos can be obtained by the
equations:

W; = WP + (x;—x)r foreveni and -(13)
W; = W2 — (x;—xo)r for odd i - (14)

Where Wl-0 is the actual pulse width required to hold the it" servo in the “home”
position. This is nominally 1500usecs, but can be adjusted to compensate for differences

in actual assembly.



Controlling the Stewart Platform using RC Servos

The platform is constructed with symmetry round the z-axes, but the odd and even servos are
mounted in opposition.

The circuitry used to control the platform is based on a PICAXE microcontroller with attached
maths co-processor (floating point) and attached servo motor controller.

Input PICAXE ; Pulse

N , UM-FPU UM-PWM |
position 40X2 output to
variables servos

I2c interface

The sequence of events is as follows:

1) Input the positional information for the platform, b; P; s, a, B;. These are all
constants from the build of the platform.

2) Input the constants for the servo motors, W, and r

3) Calculate the values of hy from equation (10), and &, from equation (12)

4) Input the variables for (x, vy, z, g, 8, ¢) for the required platform position

5) Calculate the rotational matrix PRB from equation (1)

6) Calculate the effective leg lengths ll- from equations (3)

7) Calculate the angles «; required for each servo from equation (9)

8) Calculate the pulse widths W; required for each servo from equations (13) & (14)
9) Output the values of W; to the uM-PWM to drive the servos

10) Return to step 4) to repeat the process.



